On Hering Decomposition ofDKnInduced by Group Actions on Conjugacy Classes  by Lev, A. & Roditty, Y.
Article No. 10.1006/eujc.1999.0346
Available online at http://www.idealibrary.com on
Europ. J. Combinatorics (2000) 21, 379–393
On Hering Decomposition of DKn Induced by Group Actions on
Conjugacy Classes
A. LEV AND Y. RODITTY
A Hering decomposition of type t and order n is a factorization of the complete directed graph
DKn into arc disjoint t-circuits for which the following conditions hold:
(1) The vertices and arcs of DKn are partitioned into arc disjoint parallel classes, each containing
n−1
t circuits and a single vertex.
(2) Any two parallel classes have exactly one edge (undirected arc) in common.
For each parallel class Pi , 1 ≤ i ≤ n there corresponds a permutation σi acting on the letter set
{1, 2, . . . , n} as follows:
σi (k) = l iff (k, l) is an arc of Pi .
Let G be the group generated by σ1, σ2, . . . , σn . The given configuration is inner transitive if G
permutes the parallel classes transitively.
In this paper we study the interaction between an inner-transitive Hering configuration and the
structure of the corresponding group G. In particular, we classify all the pairs (n, t) for which an
inner-transitive Hering configuration of type t and order n exists.
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1. INTRODUCTION
Let Kn be the complete graph on n vertices, and denote by DKn the complete directed graph
on n vertices (i.e., every ordered pair of vertices in DKn is connected by exactly one arc (di-
rected edge)). A t-circuit, Ct , is a directed cycle of length t , i.e., Ct is a subgraph of DKn
with vertices, say, v1, v2, . . . , vt and arcs (v1, v2), (v2, v3), . . . , (vt−1, vt ), (vt , v1). We de-
note such a t-circuit by (c1, c2, . . . , ct ). A t-cycle (t-circuit) decomposition of Kn (DKn) is a
decomposition of the edges of Kn (DKn) into pairwise edge (arc) disjoint t-cycles (t-circuits),
and is denoted by Ct |Kn (DCt |DKn). Note that a necessary condition for the decomposition
of Kn (DKn) into t-cycles (circuits) is that t |n(n − 1)/2 (t |n(n − 1), respectively).
The problem of decomposing Kn (or DKn) into cycles (circuits) has a history of more
then 150 years, and is presented in a large number of papers. Directed cycle decomposition
of DKn , other than C3, starting with C4, has been considered by Schonheim [21], and with
additional requirements by Harary, Wallis and Heinrich [13]. On the other scope of the di-
rected cycle decomposition we find the Hamilton decomposition of DK2n (2n ≥ 8), proved
by Tillson [22], answering in the affirmative a conjecture by Bermond and Faber [4]. For other
related results, see the survey of [17]. Here we present only those aspects which are dealt with
in this paper, as well as, the relevant references.
In recent years, decompositions which possess additional properties attracted special atten-
tion. In this paper we shall focus on t-circuit decompositions of DKn , where t |(n− 1), which
are induced from group actions on conjugacy classes. These decompositions will share the
following properties.
DEFINITION 1.1. Let DCt |DKn be a decomposition of DKn into t-circuits.
(1) The decomposition is almost resolvable if we can arrange the vertices and arcs of
DKn into n arc disjoint factors, called parallel classes, each containing (n − 1)/t
t-circuits and a single vertex (note that an almost resolvable decomposition exists only
if t |(n − 1)).
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(2) An almost resolvable decomposition DCt |DKn , t ≥ 3, is an orthogonal cover for
DKn , or a Hering configuration (Hering decomposition) of type t and order n, if any
two parallel classes have exactly one edge (undirected arc) in common.
(3) An almost resolvable decomposition is transitive if there is a subgroup H of Sn , the
symmetric group on n letters, which permutes the parallel classes transitively (i.e.,
h(Pi ) is a parallel class for every parallel class Pi and every h ∈ H , and for any two
parallel classes Pi , Pj , there is h ∈ H such that h(Pi ) = Pj ). Note that if H is transitive
on the parallel classes of an almost resolvable decomposition, then H is transitive on
the vertices of DKn . We shall say that the decomposition possesses some property P if
there is a subgroup H of Sn which permutes the parallel classes transitively, and such
that H has the property P . For example: the decomposition is abelian (regular, dou-
bly transitive, etc.), if there is such H which is abelian (regular on the parallel classes,
doubly transitive on the parallel classes, etc.), respectively.
Although the Hering configuration was defined by Hering [15], the existence of Hering
configurations of type n = pk , p a prime, and t = n − 1, was proved earlier by Alspach,
Heinrich and Rosenfeld [2]. Various papers have been published since. However, we focus
ourselves on those which are relevant to our work. In this line we mention a recent work of
Granville, Gronau and Mullin [11] who proved the existence of Hering configuration for the
case n = pk for all t |(n − 1), t ≥ 3. They also established an asymptotic result, namely,
for a fixed t ≥ 3, there exits an integer Nt such that if t |(n − 1) and n ≥ Nt , then a Hering
configuration of type t and order n exists.
In Definition 1.1 above, we extended the definition of Hering configuration into transitive
Hering configuration. A particular case of the transitive Hering configuration is the inner-
transitive Hering configuration (see Definition 3.3 in the sequel), in which the transitive group
G is generated by the permutations which correspond to the parallel classes. That is to say, for
every parallel class Pj , (1 ≤ j ≤ n), there corresponds a permutation σ j such that σ j (k) = l
iff (k, l) is an arc of Pj , and the group G generated by the set {σ1, σ2, . . . , σn} is transitive
on the parallel classes P1, P2, . . . , Pn . Equivalent definitions for an inner-transitive Hering
configuration are given in Definitions 3.1 and 3.2. These definitions together with the lemmas
that follow (Lemmas 3.1–3.3) establish a reciprocity relation between problems in group the-
ory and Hering decompositions, strengthened in Sections 4 and 5, in which an old theorem of
Glauberman, known as Glauberman’s Z∗-Theorem, and an extension of this theorem proved
by Artemovitch are involved (see Theorem 4 in Section 4 for further details).
In Section 2 we review some basic group theory topics which will be used in the sequel.
In Section 3, basic definitions and results on inner-transitive Hering configurations are pre-
sented.
In Section 4 we study the relation between inner-transitive Hering configurations of type
t and order n, (t ≥ 3), and groups which admit an (n, t)-automorphism, where an automor-
phism τ of a group N is an (n, t)-automorphism if o(τ ) = t is prime to |N |, |N : CN (τ i )| = n
for every 1 ≤ i ≤ t − 1, and the following additional condition holds: if x, y are any two con-
jugates of τ in the semi-direct product G = 〈τ 〉N , then xy−1 does not commute with any
conjugate of τ in G. It follows that every (n, t)-automorphism induces an inner-transitive
Hering configuration of type t and order n (Theorem 1). The converse is also true (Theo-
rem 3): every inner-transitive Hering configuration of type t and order n is induced by some
(n, t)-automorphism. It follows that the classification of all the pairs (n, t) for which a Her-
ing configuration of type t and order n exists, is equivalent to the classification of all the pairs
(n, t) for which an (n, t)-automorphism (of some group N ) exists. Since all the pairs (n, t) for
which an (n, t)-automorphism exists are derived in Lemma 4.4, it follows that for any integer
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t > 2, all the integers n for which an inner-transitive Hering configuration of type t and order
n exists are known (Theorem 5). Given such integers n and t , it is shown in Theorem 4 how to
construct a Hering configuration of size t and order n from a corresponding Frobenius group.
A complete classification of all inner-transitive Hering configurations of type n − 1 and order
n is established in Theorem 6.
In the sections mentioned above, Hering configurations were defined only for type t ≥ 3. In
Section 5 we define a configuration on the undirected graph Kn (n odd), of type t = 2, which
will share some important properties with the Hering configurations discussed in the previous
sections. This section completes the inquiry of inner-transitive Hering configurations for the
various values of t .
We conclude with a general remark on inner-transitive systems. The notion ‘inner-transitive’
may be applied to various combinatorial systems other than the Hering configurations. For ex-
ample, given a circuit decomposition of DKn , one may divide the circuits into classes (not
necessarily distinct), where each class contains vertex disjoint circuits (including, maybe,
some circuits of length one, namely, single vertices) which ‘cover’ all vertices of DKn . Then
each class induces in a natural way a permutation on the letter set {1, 2, . . . , n}. The interaction
between the given decomposition and the group G generated by the above mentioned permu-
tations may be interesting in some cases. We have special interest if the group G permutes
the classes transitively (i.e., the configuration is ‘inner-transitive’). We believe that some in-
teresting structures (other than inner-transitive Hering configurations) may arise in this way.
However, a more detailed discussion on this wider subject is beyond the scope of this paper.
2. DEFINITION AND NOTATION
In order to have this paper almost self contained we give in this section, mainly, basic group
theory notions which are necessary in the sequel. We note that all the groups considered in
this paper are finite. For all basic group theory definitions we follow [10].
To the sequel G we will denote a finite group.
For every g ∈ G and A ⊆ G we denote gx = x−1gx , and Ax = {gx |g ∈ A}.
By H ≤ G we mean that H is a subgroup of G, and N  G means that N is a normal
subgroup of G. The symmetric permutation group on n letters will be denoted by Sn . For
h ∈ G, o(h) denotes the order of h, i.e., the least positive integer m such that hm = 1. The
element h is a p-element if o(h) is a power of p.
For x ∈ G, the centralizer of x is CG(x) = {g ∈ G|g−1xg = x}, and similarly, if τ
is an automorphism of G, then CG(τ ) = {g ∈ G|τ(g) = g}. We shall say that τ is a pi ′
automorphism of a group G if (o(τ ), |G|) = 1 (this will agree with the usual notation if we
assume that pi is the set of prime divisors of |G|).
The center of G is Z(G) = {g ∈ G|x−1gx = g, ∀x ∈ G}.
Given a subset A ⊆ G, the normalizer of A in G is NG(A) = {g ∈ G|g−1 Ag = A}, and
the centralizer of A in G is CG(A) = {g ∈ G|g−1ag = a, ∀a ∈ A}.
Given a set A = {g1, g2, . . . , gk} of elements of a group G, 〈A〉 = 〈g1, g2, . . . , gk〉 denotes
the subgroup generated by A.
Given a permutation σ which acts on the letter set {1, 2, . . . , n}, we assume that σ acts on
{1, 2, . . . , n} on the right, but we denote the image of i under σ by σ(i). In particular, if σ1, σ2
are permutations of {1, 2, . . . , n}, then σ1σ2(i) = σ2(σ1(i)).
Let G be a group which acts on the letter set A = {1, 2, . . . , n}. The group G is transitive
on A if for any 1 ≤ i, j ≤ n there is g ∈ G such that g(i) = j , and G is doubly transitive on
A if for any two pairs (i1, i2), ( j1, j2), where 1 ≤ i1, i2, j1, j2 ≤ n, i1 6= i2, j1 6= j2, there is
g ∈ G such that g(i1) = j1 and g(i2) = j2. If G is transitive on A, then n = |G : CG(i)| for
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every 1 ≤ i ≤ n, where CG(i) = {g ∈ G|g(i) = i}. G is doubly transitive on A iff for every
1 ≤ i ≤ n, GG(i) is transitive on A − {i}.
Given a prime p, a p-group (p-subgroup) is a group (subgroup) whose order is a power of
p.
We shall say that G is the semi-direct product of its subgroups H and N iff N  G, G =
H N , and H ∩ N = 1. Given a group N and a group H of automorphisms of N , the semi-
direct product G of H and N is defined as follows: G = H N = {hn|h ∈ H, n ∈ N } and
multiplication in G is defined by (h1n1)(h2n2) = (h1h2)(h2(n1)n2).
Some results on Frobenius groups are needed as well. We review them briefly. Let H be
a nontrivial subgroup of a finite group G, and assume that H ∩ H g = 1 whenever g ∈
G − H . Then H is called a Frobenius complement in G. A group which contains a Frobenius
complement is called a Frobenius group. Note that if H is a Frobenius complement in G, then
H g ∩ H l = 1 for every g, l ∈ G for which l 6∈ Hg. Denote N = (G −∪x∈G H x )∪ {1}. Then
N is a normal subgroup of G called the Frobenius kernel of G. (For further details see [10].)
3. INNER-TRANSITIVE HERING CONFIGURATIONS
In this section the theorems and the lemmas are preliminary results to the main results
presented in Section 4.
Let DKn = (V, E) be the directed graph on the set of n vertices V = {v1, v2, . . . , vn},
and arc set E = {(vi , v j )|1 ≤ i, j ≤ n, i 6= j}. Let K be a set of permutations acting
on the letter set A = {1, 2, . . . , n}. Each h ∈ K is decomposed into a product of cycles:
h = σ1σ2, . . . , σr(h) (the cycles of length one are included in this decomposition). Then h
induces in a natural way a set of vertex distinct circuits σ ′1, σ ′2 . . . σ ′r(h) on DKn which include
all the vertices of DKn . That is to say, if σi = ( j), then σ ′i is the single vertex v j , and if
σi = (i1, i2, . . . , is), then σ ′i is the directed cycle {(vi1 , vi2), . . . , (vis−1 , vis ), (vis , vi1)}. The
set {σ ′i }r(h)i=1 is called the class (of cycles) induced by the permutation h. If the set ∪h∈K {σ ′i }r(h)j=1
is a decomposition of DKn into arc disjoint cycles, we say that the decomposition is induced
by the action of K on A.
Let, as before, t be an integer such that t |(n−1). In this section we deal with decomposition
of DKn into cycles of length t which is induced by the action of a conjugacy class of a group
on itself by conjugation. We shall see that each such decomposition is a transitive Hering
configuration.
In the following lemma, conditions on a set of permutations, which ensure that the set
induces a transitive Hering decomposition on DKn , are given.
LEMMA 3.1. Let K = {h1, h2, . . . , hn} be a set of n permutations acting on the letter set
A = {1, 2, . . . , n}, where for some fixed integer t > 2, o(hi ) = t , for every 1 ≤ i ≤ n. Then
the following hold.
(1) K induces an almost resolvable decomposition on DKn into circuits of length t iff:
(i) For every x ∈ K and for every 1 ≤ i ≤ t − 1, x i fixes exactly one letter of A (i.e., x
is a product of n−1t t-cycles).
(ii) For every x, y ∈ K , x 6= y, the action of xy−1 on A is fixed point free.
(2) Assume that K induces an almost resolvable decomposition on DKn . Then the decom-
position is an orthogonal cover for DKn iff xy fixes exactly one letter of A for every
x, y ∈ K .
(3) Assume that K induces an almost resolvable decomposition on DKn . If K is a conju-
gacy class of a group G, then G acts transitively on the parallel classes of the decom-
position (and in particular, the decomposition is transitive).
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PROOF. We prove (1) first. If K induces an almost resolvable decomposition on DKn into
cycles of length t , then for every x ∈ K there is 1 ≤ j ≤ n such that x = ( j)σ1σ2 · · · σ(n−1)/t ,
where σi is a cycle of length t (1 ≤ i ≤ (n − 1)/t). Hence x t = 1 and x i fixes only the letter
j for every 1 ≤ i ≤ t − 1, and (i) follows. Furthermore, the classes of circuits induced by
x, y ∈ K , x 6= y, are arc disjoint iff xy−1 fixes no letter of {1, 2, . . . , n}, and so (ii) follows.
Conversely, if (i) holds, then x must be the product of a single cycle of length one and cycles
of length t , and by (ii), the cycle classes induced by x, y ∈ K , x 6= y, are arc disjoint. Hence,
since there are n classes, each arc of DKn lies exactly in one of the classes induced by K . It
follows that K induces an almost resolvable decomposition of DKn into t-cycles, as required.
Assertion (2) follows since the circuit classes induced by x, y ∈ K (x 6= y) on DKn have
exactly one edge (a pair of opposite directed arcs) in common iff xy fixes exactly one letter of
A.
We now prove (3). Assume that K is a conjugacy class of a group G. Define an action of
G on the vertices of DKn by gvi = v j if hgi = h j (g ∈ G). Denote the parallel classes
induced by h1, h2, . . . , hn by P(h1), P(h2), . . . , P(hn), respectively. Since K is a conjugacy
class of G, G acts transitively on {h1, h2, . . . , hn} by conjugation. Hence, in the induced
decomposition of DKn , G acts transitively on the parallel classes P(h1), P(h2), . . . , P(hn),
as required. 2
Lemma 3.1 motivates the following definition.
DEFINITION 3.1. Let K = {h1, h2, . . . , hn} be a conjugacy class of a group G. For each
fixed i , 1 ≤ i ≤ n, the map h j 7→ h−1i h j hi induces a permutation σi on the letters{1, 2, . . . , n}. Define an action of G on DKn by gvi = v j iff hgi = h j (g ∈ G, 1 ≤ i, j ≤ n).
If the action of {σ1, σ2, . . . , σn} on DKn induces a Hering configuration, then the configura-
tion is an inner-transitive Hering configuration. We shall say that the Hering configuration is
induced by the permutation representation of K on itself. If no confusion may occur, we shall
say that the Hering configuration is induced by K , or that it is induced by G.
LEMMA 3.2. An inner-transitive Hering configuration is transitive.
PROOF. We use the notation of the above definition. There is a homomorphism φ : G 7→ Sn
defined by: g 7→ σg , where σg(i) = j iff hgi = h j . Since K is a conjugacy class of G, φ(K )
is a conjugacy class of the group φ(G). Furthermore, φ(K ) = {φ(h1), φ(h2), . . . , φ(hn)} =
{σ1, σ2, . . . , σn} induces the given Hering configuration. Hence φ(G) acts transitively on the
parallel classes of the given configuration by assertion (3) of Lemma 3.1. 2
Let K be a conjugacy class of a group G, where |K | = n. Assertions (1) and (2) of Lemma 3.1
provide conditions on K (on the corresponding permutations σ1, σ2, . . . , σn , actually), which
are necessary and sufficient for σ1, σ2, . . . , σn to induce an inner-transitive Hering configura-
tion of type t and order n. Conversely, given an inner-transitive Hering configuration of type
t and order n, then we can define a permutation group G ≤ Sn with a conjugacy class K
such that K induces the given configuration, as follows. Denote the parallel classes of the
configuration by P1, P2, . . . , Pn . For each 1 ≤ i ≤ n, Pi defines a permutation σi ∈ Sn by:
σi (l) = m if the arc (l,m) lies in Pi (l = 1, 2, . . . , n). Let G be the subgroup of Sn generated
by {σ1, σ2, . . . , σn}. Then the following Lemma holds.
LEMMA 3.3. K = {σ1, σ2, . . . , σn} is a conjugacy class of G which induces the given
Hering configuration. Furthermore, G acts transitively on the parallel classes P1, P2, . . . , Pn .
384 A. Lev and Y. Roditty
PROOF. By the definition of an inner-transitive Hering configuration, there exists a group
G ′ which acts transitively on P1, P2, . . . , Pn , and a conjugacy class K ′ = {h1, h2, . . . , hn} of
G ′ such that the permutation representation of K on itself induces the given Hering config-
uration. Then there is a homomorphism φ : G ′ 7→ Sn defined: for every g ∈ G ′, g 7→ τg ,
where τg(i) = j iff hgi = h j . Then clearly, φ(K ′) = K = {σ1, σ2, . . . , σn}, and in particular,
K is a conjugacy class of the group φ(G ′), and the permutation set {σ1, σ2, . . . , σn} induces
the given Hering configuration.
Assume now that for a given 1 ≤ l ≤ n, σ−1i σlσi = σ−1j σlσ j , (i 6= j). Then we have
that σiσ−1j commutes with σl which fixes exactly one letter, say k, of {1, 2, . . . , n}. Hence
σiσ
−1
j fixes the letter k, and in particular, σiσ
−1
j is not fixed point free on {1, 2, . . . , n}. Since{σ1, σ2, . . . , σn} induces the given Hering configuration (which is almost resolvable by def-
inition), we have a contradiction to (1) of Lemma 3.1. Hence we conclude that for every
1 ≤ i, j ≤ n there is a unique 1 ≤ l ≤ n such that σ−1l σiσl = σ j . In particular, we have
that K = {σ1, σ2, . . . , σn} is a conjugacy class of G, the group generated by K . Then G acts
transitively on the parallel classes of the given configuration by (3) of Lemma 3.1, and the
proof is completed. 2
Lemma 3.3 provides us an equivalent definition for an inner-transitive Hering configuration.
DEFINITION 3.2. Let a Hering configuration of type t and order n with parallel classes
P1, P2, . . . , Pn be given. Assume {σ1, σ2, . . . , σn} ⊆ Sn are the permutations which corre-
spond to P1, P2, . . . , Pn (i.e., for every 1 ≤ i ≤ n, σi (l) = m iff (l,m) is an arc of Pi ).
Then the configuration is inner-transitive if K = {σ1, σ2, . . . , σn} is a conjugacy class of
G = 〈σ1, σ2, . . . , σn〉.
One can easily check, by using Lemma 3.3, that Definitions 3.1 and 3.2 are equivalent.
The following is another equivalent definition for an inner-transitive Hering configuration.
DEFINITION 3.3. Let a Hering configuration of type t and order n with parallel classes
P1, P2, . . . , Pn be given. Assume {σ1, σ2, . . . , σn} ⊆ Sn are the permutations which corre-
spond to P1, P2, . . . , Pn . Then the configuration is inner-transitive if the group G = 〈σ1, σ2,
. . . , σn〉 permutes the parallel classes P1, P2, . . . , Pn transitively.
The equivalence of Definitions 3.3 and 3.2 follows from the observation that for any g ∈ G,
σ
g
i = σ j iff g(Pi ) = Pj . Then K is a conjugacy class of G iff G permutes the parallel classes
transitively.
The previous lemmas provide a tool in the search of inner-transitive Hering configurations
of type t and order n: if we can find a group G, having a conjugacy class K of size n, such
that conditions (1) and (2) of Lemma 3.1 hold for the permutation representation of K on it-
self, then K induces an inner-transitive Hering configuration. Since an inner-transitive Hering
configuration is transitive by Lemma 3.2, we may apply the above process also in search of
transitive Hering configurations.
The above process is used in the following section.
4. HERING CONFIGURATIONS AND pi ′ AUTOMORPHISMS
Given an inner-transitive Hering configuration with parallel classes P1, P2, . . . , Pn and cor-
responding permutations σ1, σ2, . . . , σn , we are interested in the structure of the group G
generated by σ1, σ2, . . . , σn . Information on the structure of G may be used in the classifica-
tion of all pairs (n, t) for which an inner-transitive Hering configuration is of type t and order
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n exists. In Theorem 1, we show that for an automorphism τ of a group N which has some
given properties (see Definition 4.1), the semi-direct product G = 〈τ 〉N induces a Hering con-
figuration on Kn . Such an automorphism will be called an (n, t)-automorphism. Furthermore,
we show that the classification of all Hering configurations of type t and order n is equivalent
to the classification of all pairs (N , τ ), where N is a group and τ is an (n, t)-automorphism of
N (see Theorems 1,3). Then, a classification of all the pairs (n, t) for which an inner-transitive
Hering configuration is of type t and order n exists, is given in Theorem 5.
Examples for constructing inner-transitive Hering configurations which follow by Theo-
rems 3 and 5 and are given in Theorems 4 and 6, respectively.
DEFINITION 4.1. Let N be a finite group. An automorphism τ of N is an (n, t)-automor-
phism of N if the following conditions hold.
(1) o(τ ) = t .
(2) |N : CN (τ i )| = n for every 1 ≤ i ≤ t − 1.
(3) (t, |N |) = 1.
(4) Denote G = 〈τ 〉N , and let K be the conjugacy class of τ in G. Then for any x, y ∈ K ,
(x 6= y), xy−1 does not commute with any element of K .
THEOREM 1. Let τ be an (n, t) automorphism of a group N, where t > 2, and let K be the
conjugacy class of τ in the semi-direct product G = 〈τ 〉N. Then K induces an inner-transitive
Hering configuration of type t and order n.
PROOF. It suffices to show that assertions (1)(i) and (2) of Lemma 3.1 hold for the permu-
tation representation induced by the action of K on itself by conjugation. In particular, we
may assume that if x ∈ G commutes with all the elements of K , then x = 1 (for otherwise,
we may replace G by the image of its permutation representation on K ).
Assume first that for some 1 ≤ i ≤ t − 1, x il commutes with xm , where l 6= m and
xl , xm ∈ K . Then there is some 1 ≤ j ≤ t − 1 such that x jl and x jm commute, and they
are both of order p, for some prime number p. Since |N : CN (x jl )| = |N : CN (xl)| = n,
we conclude that the conjugacy class of x jl consists of n elements, and then, since l 6= m,
we have x jl /∈ 〈x jm〉. Hence 〈x jl , x jm〉 is a non-cyclic subgroup of G of order p2. On the other
hand, since p|o(τ ) and 〈o(τ ), |N |〉 = 1, we conclude that the Sylow p-subgroups of G are
cyclic, a contradiction. Hence, we have that (1)(i) of Lemma 3.1 holds.
We shall show now that each element of G − N commutes with exactly one element of
K . Assume first that there is g ∈ G − N which commutes with two distinct elements of K .
Since (t, |N |) = 1, we have that there are m ∈ N and 1 6= x ∈ G − N , where o(x)|t , such
that g = xm = mx . Furthermore, since (t, |N |) = 1, it follows that x is conjugate in G
to τ i for some 1 ≤ i ≤ (t − 1), and in particular, x commutes with exactly one element
of K . On the other hand, since (o(x), o(m)) = 1, there is an integer l such that gl = x ,
and then x commutes with two distinct elements of K , a contradiction. Hence, we have that
each g ∈ G − N commutes with at most one element of K . For x ∈ G, denote by α(x) the
number of elements of K which commute with x . Since G and N are transitive on K , we have
(see [10], Theorem 2.7.4, p. 36), ∑x∈G α(x) = |G| and ∑x∈N α(x) = |N |. Then
|G| =
∑
x∈G
α(x) = N +
∑
x∈G−N
α(x).
However, since α(x) ≤ 1 for every x ∈ G − N , we conclude from the above equality that
α(x) = 1 for every x ∈ G−N , and then, each x ∈ G−N commutes with exactly one element
of K , as required.
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Since xy−1 does not commute with any element of K , we have by the preceding paragraph
that xy−1 ∈ N for every x, y ∈ K . Then, since y2 /∈ N for every y ∈ K , we have that
xy = (xy−1)y2 /∈ N , and then xy commutes with exactly one element of K , and (2) of
Lemma 3.1 holds. 2
DEFINITION 4.2. Under the conditions of Theorem 1, we shall say that the Hering config-
uration was induced by the (n, t)-automorphism τ .
We turn now to check on the inverse of Theorem 1, i.e., given an inner-transitive Hering
configuration of type t and order n, we ask whether there exists an (n, t) automorphism which
induces the given configuration.
Let t = pe11 pe22 · · · perr be a positive integer, where p1, p2, . . . , pr are all the prime di-
visors of t . Let x be an element of order t in a group G. Then there are unique elements
x1, x2, . . . , xr ∈ 〈x〉 ≤ G (see [10]) such that o(xi ) = peii for every 1 ≤ i ≤ r , xi x j = x j xi
for every 1 ≤ i, j ≤ r , and x = x1x2 · · · xr . For any 1 ≤ i ≤ r , the xi is called the
pi -component of x .
LEMMA 4.1. Let K be a conjugacy class of a group G, such that K induces a Hering
configuration of type t (t > 2) and order n. Let p be a prime number which divides t , and x
be the p-component of some element y ∈ K , and let P be a Sylow p-subgroup of G which
contains x. Then for every g ∈ G, either xg = x or xg /∈ P.
PROOF. Let K1 be the conjugacy class of x in G. We show first that x commutes with
exactly one element of K1 (with itself). Assume, on the contrary, that x commutes with x1 ∈
K1, where x1 6= x . Then there is y1 ∈ K and an integer l such that yl1 = x1. Denote y2 = yx1 .
Since x does not commute with any element of K but y, we have y2 6= y1. On the other hand,
since x commutes with x1 = yl1, we have that yl1 commutes with two elements (y1 and y2) of
K , which contradicts (1)(i) of Lemma 3.1.
Now we prove the lemma. Assume, on the contrary, that there is g ∈ G such that xg 6= x
and xg ∈ P . Denote K2 = P ∩ K1. Then, since x does not commute with any of the elements
in K1 but itself, the size of all the orbits in the action of x on K2 − {x} is divisible by p.
Hence, p|(|K2| − 1). On the other hand, K2 is a union of conjugacy classes of P , each of size
1 or a power of p. Then we conclude that at least one of these classes is of size 1, i.e., there is
k ∈ K1 which lies in the center of P . Since |K2| ≥ 2, it follows that k commutes with at least
two elements of K1, a contradiction. 2
DEFINITION 4.3. Let K be a conjugacy class of p-elements in a group G, p a prime. We
shall say that K is weakly closed with respect to G if for every Sylow p-subgroup P of G,
|K ∩ P| = 1.
We note that a conjugacy class K of p-elements (p a prime) is weakly closed with respect to
G iff every x ∈ K commutes with exactly one element of K (with itself). For if x commutes
with y ∈ K , y 6= x , then 〈x, y〉 is a p-group, and then, since 〈x, y〉 lies in some Sylow p-
subgroup P of G, we have that x, y ∈ K ∩ P , and K is not weakly closed with respect to G.
The opposite direction follows by similar arguments to those used in the proof of Lemma 4.1.
The following theorem is an extension of the well-known Z∗-theorem of Glauberman [7].
The theorem was proved for p = 2 by Glauberman in [7], and for any prime p by Artemovitch
in [3]. The latter proof ([3] ) uses the classification of the finite simple groups. This result will
enable us to classify all the pairs (n, t) for which a Hering configuration of type t and order n
exists.
THEOREM 2. Let t = pk , where p is a prime number, and k ≥ 1. Let K be a conjugacy
class of a group G such that o(x) = t for all x ∈ K , and assume that K is weakly closed with
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respect to G. Denote G1 = 〈K 〉. Then there exists a normal subgroup N of G whose order is
prime to p, such that G1 = 〈x〉N, x ∈ K .
We note that the formulations of Theorem 2 in [7, 9] and [3] are different from ours. The
formulation in [9] is as follows.
Let G be a finite group, p a prime number, P a Sylow p-subgroup of G, and the order of
every non-identity normal subgroup of G is divisible by p. Suppose P has an element x which
is conjugate with no other from P. Then x belongs to the center of G.
However, one can verify that the above formulation is equivalent to the formulation stated
in Theorem 2.
We shall need the following extension of Theorem 2.
COROLLARY 4.1. Let x be an element of a group G, and let K be the conjugacy class
of x in G. For every prime p which divides o(x), denote the p-component of x by x p, and
the conjugacy class of x p in G by K p. Assume that for every prime p which divides o(x),
CG(x p) = CG(x), and that the conjugacy class K p is weakly closed with respect to G.
Denote G1 = 〈K 〉. Then there exists a normal subgroup N of G whose order is prime to o(x),
such that G1 = 〈x〉N.
PROOF. Let p1, p2, . . . , pr be all the (distinct) prime divisors of o(x). Then by Theorem 2,
〈K p1〉 = 〈x p1〉N =de f G p1  G, where |N | is prime to p1. Since N is a characteristic
subgroup of G p1 , we have that N G. For any 2 ≤ i ≤ r let Gi = 〈x pi 〉N . Since CG(x pi ) =
CG(x) = CG(x p1), we conclude that K pi ⊆ Gi , and by Theorem 2 we have: G pi = 〈K pi 〉 =〈x pi 〉N1 ≤ Gi = 〈x pi 〉N , where N1 is a characteristic subgroup of G pi whose order is prime
to pi . On the other hand, by interchanging the roles of p1 and pi , we conclude that G p1 =〈x p1〉N ≤ 〈x p1〉N1. Hence we have by the first inequality that |N1| ≤ |N |, and by the second
inequality |N | ≤ |N1|. Hence |N | = |N1|, and in particular, |N | = |N1| is prime to both p1
and pi . Then G p1 = 〈x p1〉N = 〈x p1〉N1. However, since NG p1 , N1G p1 and (p1, |N |) =
(p1, |N1|) = 1, we conclude that N (and N1) is generated by all the Sylow subgroups of G p1
which correspond to all the primes which divide N . Then, N1 = N . Hence 〈K p1 , K pi 〉 =〈x p1〉〈x pi 〉N = 〈x p1 x pi 〉N , where |N | is prime to o(x p1 x pi ).
Using the above arguments, we conclude that there is a normal subgroup N of G such that
for every 1 ≤ j ≤ r , 〈K p j 〉 = 〈x p j 〉N , and (o(x p j ), |N |) = 1. Hence 〈K 〉 = 〈x p1 x p2 · · · x pr 〉
N = 〈x〉N where |N | is prime to p1 p2 · · · pr and the result follows. 2
THEOREM 3. Let t > 2 be a positive integer. Then any inner-transitive Hering configura-
tion of type t and order n is induced by some (n, t)-automorphism.
PROOF. Let an inner-transitive Hering configuration of type t and order n be given. Then
there is a group G with a conjugacy class K such that the action of K on itself induces the
given configuration.
Let x ∈ K . We shall now show that |G : CG(x i )| = n for every 1 ≤ i ≤ t − 1. Assume, on
the contrary, that there is 1 ≤ i ≤ t−1 such that |G : CG(x i )| < n. Then, the conjugacy class
of x i in G contains less elements than K , and then, there is y ∈ K , y 6= x , such that yi = x i .
Hence x i commutes with y, which contradicts (1)(i) of Lemma 3.1. Hence |G : CG(x i )| = n
for every 1 ≤ i ≤ t − 1, as required.
By Lemma 4.1, for every prime divisor p of t , the conjugacy class of the p-component of x
is weakly closed with respect to G. Furthermore, by the preceding paragraph we conclude that
CG(x i ) = CG(x) for every 1 ≤ i ≤ t − 1, and in particular, for every prime divisor p of t we
have CG(x p) = CG(x) (where x p is the p-component of x). Then we have, by Corollary 4.1,
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that there is a normal subgroup N of 〈K 〉 such that 〈K 〉 = 〈x〉N and (t, |N |) = 1. Thus, x
induces, by conjugation, an automorphism τ on N such that:
(1) o(τ ) = t (for otherwise, there is an integer l such that x l 6= 1 and x l commutes with
every n ∈ N . Then, since N is transitive on K , it follows that x l commutes with every
y ∈ K , a contradiction).
(2) n = |K | = |N : CN (τ i )| for every 1 ≤ i ≤ t − 1.
(3) (o(τ ), |N |) = 1.
Furthermore, since K induces the given Hering configuration, for any x, y ∈ K , x 6= y,
xy−1 does not commute with any element of K . Then, since τ induces the given Hering
configuration, the proof of the theorem is complete. 2
LEMMA 4.2. Let n = pe11 pe22 · · · perr , where p1, p2, . . . , pr are all the distinct prime di-
visors of n, and let τ be an (n, t)-automorphism of a group N. Then t |(peii − 1) for every
1 ≤ i ≤ r .
PROOF. Let 1 ≤ j ≤ r , and let M be a Sylow p j -subgroup of CN (τ ). Then by [10]
(Theorem 6.2.2, p. 224), there is a 〈τ 〉-invariant Sylow p j -subgroup S of N , such that M ⊆ S.
It follows that τ1 = τ |S , the restriction of τ to S, is a (pe jj , t)-automorphism of S. Then, since
τ i does not commute with any element of K−{τ }, the orbits in the action of τ on (K∩S)−{τ }
by conjugation are of length t . Since S contains a Sylow p-subgroup of CN (τ ), we have that
|(K ∩ S)− {τ }| = pe j − 1, and then t |(pe jj − 1), as required. 2
In Lemma 4.3 and Theorem 4 below we demonstrate how to construct inner-transitive Her-
ing configuration of type t and order n for any pair (n, t) which satisfies the conditions of
Lemma 4.2.
LEMMA 4.3. Let G1 be a Frobenius group with kernel N and complement H, and denote
n = |N |. Let 1 6= x ∈ H, with o(x) = t , t > 2. Let G be the semi-direct product G =
〈x〉N, and let K be the conjugacy class of x in G. Then K induces an inner-transitive Hering
configuration of type t and order n.
PROOF. Denote Hx = 〈x〉. Then G = Hx N is a Frobenius group with kernel N and
complement Hx .
Since G/N is abelian, then G ′ ≤ N (G ′: the commutator subgroup of G). Then, given any
y, z ∈ K , y 6= z, there is a ∈ G such that ya−1 = z, and we have: yz−1 = y(ya−1)−1 =
yay−1a−1 = [y, a] ∈ G ′ ≤ N . Since y 6= z, 1 6= yz−1 ∈ N , and consequently yz−1 does not
commute with any element of K .
Denote by τ the automorphism of N induced by the action of x on N by conjugation.
It is routine to check that τ is an (n, t)-automorphism of N . Hence the result follows by
Theorem 1. 2
The lemma yields the following:
THEOREM 4. Let n = pe11 pe22 · · · perr be an integer, where p1, p2, . . . , pr are the distinct
prime divisors of n. Let t > 2 be an integer such that t |(peii − 1) for every 1 ≤ i ≤ n. Then
there exists an inner-transitive Hering configuration of type t and order n.
(Note that for the case r = 1 (i.e., n is a prime power), then the theorem implies that an inner-
transitive Hering configuration of type t and order n exists for every t for which t |(n − 1).)
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PROOF. By Lemma 4.3, it suffices to show that there exists a group N , with |N | = n,
and an automorphism τ of N of order t , such that the semi-direct product G = 〈τ 〉N is a
Frobenius group with kernel N .
For every 1 ≤ i ≤ r , let Fi be the Galois field having peii elements. Denote by Ni the
additive group of Fi . Since t |(peii − 1), and since the multiplicative group of Fi has peii − 1
elements, there is 0 6= xi ∈ Fi which has multiplicative order t . Then the action of xi on
Ni (by multiplication) induces an automorphism τi on Ni such that the semi-direct product
〈τi 〉Ni is a Frobenius group with kernel Ni . Denote N = N1 × N2 × · · · × Nr , and define
an automorphism τ of N by τ((n1, n2, . . . , nr )) = (τ1(n1), τ2(n2), . . . , τr (nr )). Then it is a
routine procedure to check that the semi-direct product 〈τ 〉N is a Frobenius group with kernel
N and complement 〈τ 〉 of order t , and the result of the theorem follows. 2
LEMMA 4.4. Let n = pe11 pe22 · · · perr , where p1, p2, . . . , pr are all the distinct prime divi-
sors of n. Then there exists a group N which admits an (n, t)-automorphism iff t |(peii − 1) for
every 1 ≤ i ≤ r .
PROOF. Assume first that t |(peii − 1) for every 1 ≤ i ≤ r . Then, it was shown in the proof
of Theorem 4 that there exists a group N of order n, and an automorphism τ of N , where
o(τ ) = t , and the semi-direct product G = 〈τ 〉N is a Frobenius group with kernel N and
complement 〈τ 〉. Then τ is an (n, t)-automorphism of N , as required.
Since the opposite direction follows by Lemma 4.2, the proof of the lemma is complete. 2
The following theorem summarizes the results of this section.
THEOREM 5. Let t > 2 be a positive integer, and let n = pe11 pe22 · · · perr ,
where p1, p2, . . . , pr are all the distinct prime divisors of n. Then there exists an inner-
transitive Hering configuration of type t and order n iff t |(peii − 1) for every 1 ≤ i ≤ r .
Furthermore, any (n, t)-automorphism induces an inner-transitive Hering configuration of
type t and order n, and every inner-transitive Hering configuration of type t and order n is
induced by some (n, t)-automorphism.
PROOF. By Theorems 1 and 3 we have that an inner-transitive Hering configuration of type
t and order n exists iff there is a group N which admits an (n, t)-automorphism. Then the
first assertion of the theorem follows by Lemma 4.4. The second assertion follows again by
Theorems 1 and 3. 2
A classification of all the integers n, for which an inner-transitive Hering configuration of
type n − 1 and order n exists, is a corollary of Theorem 5.
THEOREM 6. An inner-transitive Hering configuration of type n − 1 and order n exists iff
n is a prime power. Furthermore, any such configuration is induced by a Frobenius group G
of order n(n−1), whose action on the parallel classes (and on the vertices of DKn) is doubly
transitive.
PROOF. If n is a prime power, then an inner-transitive Hering configuration of type n − 1
and order n exists by Theorem 4.
Conversely, let n = pe11 pe22 · · · perr , where p1, p2, . . . , pr are the distinct prime divisors of
n. Then, by Theorem 5, n − 1|(peii − 1), 1 ≤ i ≤ n. It follows then that n is a prime power.
Furthermore, assume that an inner-transitive Hering configuration of type n − 1 and order
n is given. Let σ1, σ2, . . . , σn ∈ Sn be the permutations which correspond to the parallel
classes P1, P2, . . . , Pn of the configuration. Then, each of the σi is the product of a trivial
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cycle (1-cycle) and an (n − 1)-cycle. Hence, for each 1 ≤ i ≤ n, the centralizer of σi in
Sn is CSn (σi ) = 〈σi 〉, and therefore, |CSn (σi )| = n − 1. Let G = 〈σ1, σ2, . . . , σn〉. Then,
by Lemma 3.3, K = {σ1, σ2, . . . , σn} is a conjugacy class of G, and G is transitive on K .
Since σi ∈ G, we can conclude by using previous arguments that CG(σi ) = 〈σi 〉. Then
we have: |G| = n(n − 1), and CG(σi ) ∩ CG(σ j ) = 1 for every 1 ≤ i, j ≤ n, i 6= j
since otherwise, there are distinct l,m such that σ li = σmj 6= 1, and then σ li commutes with
σ j , which contradicts (1)(i) of Lemma 3.1. Hence G is a Frobenius group with complement
CG(σ1).
Now, since G = 〈σ1, σ2, . . . , σn〉 is a Frobenius group of order n(n − 1), then CG(σi )
is transitive on the parallel classes {P1, . . . , Pi−1, Pi+1, . . . , Pn} (and also on the vertices
{v1, . . . , vi−1, vi+1, . . . , vn}). Hence, we have that the configuration is induced by a Frobe-
nius group of order n(n − 1) which is doubly transitive on P1, P2, . . . , Pn (v1, v2, . . . , vn ,
respectively). 2
5. CONFIGURATIONS OF TYPE 2
Hering configurations were defined only for type t ≥ 3. However, one may define a config-
uration on the undirected graph Kn (n odd), of type t = 2, which will share some important
properties with the Hering configurations discussed in the previous sections.
DEFINITION 5.1. Let n ≥ 3 be an odd integer. A 2-configuration of order n is a partition
of Kn into n disjoint parallel classes, where each parallel class consists of a single vertex and
a matching (vertex disjoint edges) of size (n − 1)/2. The configuration is transitive if there is
a subgroup of Sn which permutes the parallel classes transitively.
Compared with a Hering configuration, the cycles of length t were ‘replaced’ by undirected
edges in the above definition. A definition of an inner-transitive 2-configuration, which is
analogous to the definition of inner-transitive Hering configurations (see Definition 3.3), may
also be given.
DEFINITION 5.2. Let the parallel classes of a given 2-configuration of order n be P1, P2,
. . . , Pn . For each 1 ≤ i ≤ n let σi , the permutation induced by Pi , be defined by: σi (l) = m
iff {vl , vm} is an edge of Pi (we shall also say in this case that Pi is induced by σi ). The
given 2-configuration is inner-transitive if G = 〈σ1, σ2, . . . , σn〉 permutes the parallel classes
P1, P2, . . . , Pn transitively.
We note that under the above notation, we may consider that G is a permutation group
on either {1, 2, . . . , n}, the vertex set V = {v1, v2, . . . , vn} of Kn , or the parallel classes
P1, P2, . . . , Pn . Note further, that by reordering the vertices v1, v2, . . . , vn of Kn , we may
assume from now on that for every 1 ≤ i ≤ n, the single vertex of Pi is vi (and in particular,
σi (vi ) = vi ).
LEMMA 5.1. Let a 2-configuration of order n be given. Let P = {P1, P2, . . . , Pn} be the
parallel classes of the configuration, let K = {σ1, σ2, . . . , σn} be the permutations induced
by P1, P2, . . . , Pn , and denote G = 〈σ1, σ2, . . . , σn〉. Let V = {v1, v2, . . . , vn} be the set of
vertices of Kn . Then the following hold.
(1) For every 1 ≤ i, j ≤ n and g ∈ G, g(Pi ) = Pj iff σ gi = σ j .(2) G permutes {P1, P2, . . . , Pn} transitively iff K is a conjugacy class of G.(3) For every 1 ≤ i, j ≤ n, i 6= j , the action of σiσ j on either V , P or K (by conjugation)
is fixed point free.
(4) For every 1 ≤ i ≤ n, σi commutes with exactly one member of K (with itself).
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(5) K is weakly closed with respect to G.
PROOF. Assume that g(Pi ) = Pj , (g ∈ G). Then g(vi ) = v j , and consequently, since
σi (vi ) = vi , σ gi (v j ) = (g−1σi g)(v j ) = g(σi (g−1(v j ))) = v j . Furthermore, {vl , vm} is an
edge of Pi iff {g(vl), g(vm)} =def {vl1 , vm1} is an edge of Pj . Then we have: σ gi (vl1) =
(g−1σi g)(vl1) = g(σi (g−1(vl1))) = vm1 . Hence, {vr , σ gi (vr )} is an edge of Pj whenever
1 ≤ r ≤ n and r 6= j . Thus, σ gi is the permutation which is induced by Pj , i.e., σ gi = σ j . Con-
versely, if σ gi = σ j , then clearly g(vi ) = v j . Furthermore, {vr , σ gi (vr )} = {vr , g(σi (g−1(vr ))}
is an edge of Pj for every 1 ≤ r ≤ n, r 6= j . Hence {g−1(vr ), σi (g−1(vr )} is an edge of both
g−1(Pj ) and Pi . Then we conclude that g(Pi ) = Pj , and assertion (1) of the lemma follows.
Assertion (2) of the lemma is an immediate consequence of (1).
If σiσ j fixes a vertex vr of Kn (1 ≤ r ≤ n, r 6= i, j), then the edge {vr , σi (vr )} =
{vr , σ j (vr )} is a edge of both Pi and Pj and then it follows that i = j . Similarly, σiσ j fixes
vi or v j iff i = j , and (3) follows.
Assume now that σi commutes with σ j . Then σ j (i) = σ j (σi (i)) = (σiσ j )(i) = (σ jσi )(i) =
σi (σ j (i)), and we conclude that σ j (i) = i . Since σ j fixes only the letter j , we conclude that
i = j , and (4) follows.
Assertion (5) of the lemma follows by similar arguments to those used in the proof of
Lemma 4.1. 2
LEMMA 5.2. Let N be a group of odd order, and let τ be an automorphism of N, where
o(τ ) = 2 and |N : CN (τ )| = n. Denote G = 〈τ 〉N(semi-direct product), and let K =
{σ1, σ2, . . . , σn} be the conjugacy class of τ in G. Then the following hold.
(1) τ is an (n, 2) automorphism of N.
(2) K induces a 2-configuration of order n (where, for every 1 ≤ i ≤ n, σi induces the
parallel class Pi , whose single vertex is vi , and its edges are {vr , σi (vr )}, 1 ≤ r ≤ n,
r 6= i ).
PROOF. Since G = 2|N |, where |N | is odd, we have that for any 1 ≤ i, j ≤ n, i 6= j ,
D = 〈σi , σ j 〉 is a dihedral group of order 2m for some odd integer m ≥ 3 (for elementary
properties of dihedral groups, see [10] p. 301, Theorems 9.1.1 and 9.1.2). Then all the invo-
lutions (elements of order 2) of D form a conjugacy class K D of D, and for every x, y ∈ K D
there is a unique z ∈ K D such that x z = y.
We shall now show that for every σi , σ j ∈ K there is a unique x ∈ K such that σ xi = σ j .
Denote D = 〈σi , σ j 〉. Then there is a unique x ∈ D ∩ K such that σ xi = σ j . Assume now
that there is y ∈ K such that σ yi = σ j , and denote D1 = 〈σi , y〉. Since σ yi = σ j ∈ D1, we
have that D1 ≥ D = 〈σi , σ j 〉. Hence x, y ∈ D1 ∩ K and σ xi = σ yi = σ j . However, since D1
is a dihedral group of order 2l for some odd l ≥ 3, there is a unique involution in D1 which
conjugates σi to σ j , and then x = y, i.e., there is a unique x ∈ K such that σ xi = σ j , as
required.
Assume now that there are x, y ∈ K such that xy = xy−1 commutes with some σr ∈ K .
Then σ xr = σ yr , and we conclude by the preceding paragraph that x = y. Hence for any
x, y ∈ K , x 6= y, xy = xy−1 does not commute with any element of K . Furthermore, since
o(τ ) = 2, |N : CN (τ )| = n and (o(τ ), |N |) = 1, we have that τ is an (n, 2)-automorphism
of N , and (1) of the lemma follows.
Assertion (2) of the lemma follows from (1), by arguments similar to those used in the proof
of Theorem 1. We omit the details. 2
Observe that if t = 2, condition 4 in Definition 4.1 may be omitted, and then, the following
definition results.
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DEFINITION 5.3. Let N be a finite group of odd order, |N | ≥ 3. An automorphism τ of N
is an (n, 2)-automorphism if o(τ ) = 2 and |N : CN (τ )| = n.
DEFINITION 5.4. Under the conditions of Lemma 5.2 (2), we shall say that the 2-config-
uration of order n is induced by the (n, 2)-automorphism τ .
We may summarize our results on 2-configurations of order n in the following theorem.
THEOREM 7. There exists a 2-configuration of order n iff n > 1 is odd. Furthermore, any
(n, 2)-automorphism induces a 2-configuration of order n, and every 2-configuration of order
n is induced by some (n, 2) automorphism.
PROOF. Clearly, if a 2-configuration of order n exists, then n is odd. Conversely, let n > 1
be an odd integer, and let N be an abelian group of order n. Let τ be the automorphism of N
defined by τ(x) = x−1 for every x ∈ N . Then τ is an (n, 2)-automorphism of N , which in-
duces a 2-configuration of order n by Lemma 5.2. Hence, a 2-configuration of order n exists iff
n > 1 is odd. Furthermore, any (n, 2)-automorphism induces a 2-configuration by Lemma 5.2.
Conversely, let a 2-configuration of order n be given. Let σ1, σ2, . . . , σn be the permutations
induced by the parallel classes of the configuration, and let G = 〈σ1, σ2, . . . , σn〉. Then by
Lemma 5.1, K = {σ1, σ2, . . . , σn} is a conjugacy class of G which is weakly closed with
respect to G, and by Theorem 2, G = 〈x〉N for x ∈ K , where N is a normal subgroup of G
of odd order, greater than 2. Thus, x induces, by conjugation, an (n, 2)-automorphism τ of N ,
and the given configuration is induced by τ , as required. 2
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